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Abstract
It is demonstrated that the thermal structure of the noncritical
free Bose Gas is completely described by certain periodic generalized
Gaussian stochastic process or equivalently by certain periodic gener-
alized Gaussian random field. Elementary properties of this Gaussian
stochastic thermal structure have been established. Gentle pertur-
bations of several types of the free thermal stochastic structure are
studied. In particular new models of non-Gaussian thermal structures
have been constructed and a new functional integral representation of
the corresponding euclidean-time Green functions have been obtained
rigorously.
Key words: free Bose Gas, W ∗-KMS structure, periodic generalized
stochastic process, gentle perturbations, multitime Green func-
tions.
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1 Introduction
A variety of existence and analycity results — also constructive ones — have
been rigorously obtained for some realistic models of nonrelativistic quan-
tum matter in thermal equilibrium (see [1, 2, 3, 4, 5, 6, 7, 8]). Nevertheless,
a number of basic questions on the origin of the fundamental macroscopic
quantum phenomena such as superconductivity, superfluidity, etc. [9, 10] are
still out of rigorous demonstrations in the above mentioned realistic treat-
ment. Only for mean-field-like and exactly solvable models a mathematically
well defined analysis of these phenomena has been performed [11, 12, 13]. It
is worthwhile to mention here the recent activity on the superconductivity
problem in Fermi matter models of physical interest [14, 15], which is based
on the rigorous renormalization group approach invented by Gallavotti and
his coworkers [16].
The main objective of the present series of papers is to construct a class of
models of selfinteracting nonrelativistic Bose matter in a thermal equilibrium
for which a rigorous discussion of the Bose-Einstein condensation, as well
as other phase transitions, would be feasible. In order to approach this
goal, we intend to use extensively methods inferred from the Constructive
Euclidean QFT. In the first paper of the planned series the stochastic content
of the fundamental W ∗ − KMS structure of a free, noncritical Bose gas
[17] is described. We prove that the abelian sector of the Weyl algebra
may be described by a certain generalized periodic stochastic process with
values in D′(IRd) (the space of the Schwartz distributions) and, what is more,
that a reconstruction of the whole thermal structure can be derived from it
(see prop 2.5 below). Similar situation do also occur in the case of the
critical Bose gas when the underlying process is nonergodic [18]. Having
described a free Bose gas in terms of stochastic processes, one may perturb
them with multiplicative (-like) functionals, thereby creating some new non-
Gaussian thermal processes. Furthermore, given such a process, one is able
to reproduce its W ∗ KMS counterpart by methods of [17, 19, 20]. In this
article we shall confine ourselves to the simplest case of perturbations, which
we have called (after [21]) gentle perturbations of a free thermal process.
Using standard tools of statistical mechanics [22] such as, for example, the
Kirkwood-Salsburg analysis, the correlation inequalities of [5], homogeneous
limits, we provide a class of Euclidean invariant models of selfinteracting
Bose matter that can be controlled rigorously, as we shall demonstrate in
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section 3.
The unbounded (of polynomial type) perturbations of a free thermal
structure will be studied in another paper of this series [18]. In the critical
region nonergodicity is preserved under gentle perturbations (cf. the second
part of [18]), but whether this is related to arising of the Bose condensate in
an interacting system remains to be resolved.
The pioneering paper of [21] and the following ones [23, 24, 25] have pro-
vided, among others, the major inspirations for our own Euclidean attitude
to many bosons physics. The methods of classical statistical mechanics have
been already applied to the studies of certain quantum systems in [24, 26, 27],
and, to some extent, our approach to an interacting Bose gas resembles that
of the authors just quoted.
2 Free Bose Gas(es). Euclidean Aspects
The main aim of this section is to point out certain stochastic aspects that
arise in the Euclidean time of the thermal structure describing systems of
noninteracting Bose particles being in the thermal equilibrium at (inverse)
temperature β > 0 and the chemical activity z. Most of the results obtained
below apply well to the case when the kinetic energy function E(p) of the
individual particle is such that:
(i) ∀t∈IR+e−tE(p) is positive definite continuous function of p ∈ IRd or equiva-
lently that
(i′) {e−tE(−i∇), t ≥ 0} generates a semigroup of positivity preserving opera-
tors on L2(IR
d).
The most general form of such functions is given by the Levi-Khintchine
formula (see e.g. [28, 29])
E(p) = a+ ib · p+ p · C · p−
∫
[eipx − 1− iph(x)]r(dx) (2.1)
where: a is some real constant, b is some vector in IRd; C is some nonnegative
definite matrix and r is some nonnegative measure on IRd, called the Levy
measure, such that
∫
IRd 1 ∧ |x|2r(dx) <∞, where x ∧ y ≡ min{x, y}; h is so
called cut-off function with the compact support and satisfying h(x) = x in
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some neighbourhood of the origin (see e.g.[28] for explaining the role played
by the cut-off function h in this scheme). In particular the functions E(p) =
|p|α; 0 < α ≤ 2 or E(p) = √p2 +m2 belong to this class. The common feature
of all such functions is that the corresponding semigroups {e−tE(−i∇), t ≥ 0}
are generated by stochastic Markov processes with stationary independent
increments known as Levy processes [28, 29].
The kernels of the semigroups {e−tE(−i∇), t ≥ 0} denoted as K(E)t (x, y)
have explicite expressions throughout the corresponding path space integrals
[29]. This enables us to apply the methods of [1] to reproduce (up to some
extent) the basic results of [1, 2, 3, 4] for interacting gases with nonstandard
kinetic energy. The corresponding results shall be reported elsewhere [30].
In the present paper we confine ourselves to the choice:
E(p) = p2 called the standard Bose gas, and
E(p) = √p2 +m2, m ≥ 0 called the semirelativistic Bose gas.
In the case of standard Bose gas the corresponding path space integral is
well known as Wiener (conditioned) integral and in this case the correspond-
ing transition function has a kernel
Kst (x, y) =
1
(4πt)d/2
e−|x−y|
2/(4t)1/2 (2.2)
In the case of semirelativistic Bose gas the corresponding transition function
has a kernel
Kmt (x, y) =
4
π1/2
∫ ∞
0
dτKsτ (x− y)
e−t
2/4τe−m
2τ
τ 3/2
(2.3)
with fast exponential decay as |x− y| ր ∞ for m > 0 and in the case m = 0
equal to the well known symmetric Cauchy density:
K0t (x, y) =
c · t
(t2 + |x− y|2)(d+1)/2 (2.4)
2.1 Global Aspects
Let W(h)be the abstract Weyl algebra built over the one-particle space h ≡
L2(IR
d) equipped with the standard symplectic form σ(f, g) ≡ Im 〈f |g〉. For
a chosen kinetic energy function E(p) as above we define free thermal state
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ω
(β,µ)
0 on the algebra W(h):
ω
(β,µ)
0 (W (f)) ≡ exp−
1
2
∫
dp|fˆ(p)|2Cˆβ0 (p) (2.5)
where:
Cˆβ0 (p) ≡
1 + ze−βE(p)
1− ze−βE(p) ; (2.6)
0 < β is the (inverse) temperature, z ≡ e−βµ is the chemical activity and µ
is the chemical potential. The values of z (corresponding to the noncritical
regime of the free Bose gas exclusively considered here) are restricted to:
0 < sup
p
ze−βE(p) < 1
which in the case E(p) = p2 or E(p) = |p| corresponds to 0 < z < 1 (resp.
(µ > 0)) and 0 < ze−βm < 1 (resp. µ > −m) if m > 0 and E(p) = √p2 +m2.
Some elementary properties of the free thermal kernel Cβ0 (x) are collected
in the following proposition.
Proposition 2.1 For any noncritical value of z the corresponding free ther-
mal kernels Cβ0 (x) have the following properties:
(i) Cβ0 (x) = δ(x) + R
β
0 (x), where R
β
0 (x) > 0 for any x ∈ IRd and Rβ0 (x) ∈
S(IRd) if E(p) = p2 or E(p) = √p2 +m2 with m > 0.
(ii) if E(p) = |p| then Cβ0 (x) = δ(x) + Rβ0 (x) where Rβ0 (x) > 0 and Rβ0 ∈
C0(IR
d) ∩ L1(IRd) ∩ C∞(IRd).
Proof:
From the assumption sup
p
ze−βE(p) < 1 we obtain an equality:
Cˆβ0 (p) = 1 + Rˆ
β
0 (p) (2.7)
where Rˆβ0 (p) = 2
∑∞
n=1 z
ne−βnE(p).
From the positive-definitness of the function p ∈ IRd −→ e−tE(p) for each t >
0, it follows that for each n, exp(−βnE(p)) is the Fourier transform of some
positive measure dµβn on IR
d. Moreover from the fact that exp−βnE(p) ∈
S(IRd) in the case (i) it follows that dµβn(x) = ρ
β
n(x)d
dx , with ρβn(x) ∈ S(IRd).
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By elementary arguments it follows that also
∑∞
n=1 z
n exp−βnE(p) ∈ S(IRd)
in the case (i), therefore we conclude that all assertions of (i) are valid. The
conclusions of (ii) follow from the explicite form (2.4) of the corresponding
kernels and elementary arguments.
✷
Let (H0, Ω0, π0) be the corresponding GNS triplet obtained from (W(h),
ω
(β,µ)
0 ). Then defining α
0
t (π0(W (f)) ≡ π0(W (z−it/βeitE(p)f)) we obtain an σ-
weakly continuous group of automorphisms of π0(W(h))′′. It is well known
that the system IC0 ≡ (H0,Ω0, α0t ; π0(W(h))′′) forms a W ∗-KMS system in
the (inverse) temperature β (see i.e. [17]). The corresponding multitime
Green functions of the system IC0 are given by:
G0((t1, f1), . . . , (tn, fn)) ≡ ω(β,µ)0 (α0t1(π0(W (f1)) . . . α0tn(π0(W (fn))) =
=
∏
1≤i≤j≤n
[exp iσ((ti, fi), (tj, fj))×
× exp−1
2
∫
f̂i(p)f̂j(p)Gˆ
β
0 (ti − tj; p)dp]
(2.8)
where:
σ((ti, fi), (tj, fj)) = Im < z
−iti/βeitiE(p)f̂i|z−itj/βeitjE(p)f̂j > , (2.9)
Gˆβ0 (t; p) ≡
z−it/βeitE(p) + z1+it/βe−(β+it)E(p)
1− ze−βE(p) (2.10)
By elementary arguments they can be extended analitically to the holomor-
phic functions G0((ζ1, f1), . . . , (ζn, fn)) of ζ = (ζ1, . . . , ζn) ∈ T βn ≡ {ζn =
(ζ1, . . . , ζn) ∈ ICn| . . . Im ζi < Im ζi+1 < . . . ,
n−1∑
i=1
(Im ζi+1 − Im ζi) < β} and
continuous on T
β
n. The restrictions of the analitically continued Green func-
tions to the so called Euclidean region Eβn ≡ {z ∈ Cn|Re zi = 0;−β/2 ≤
Im z1 ≤ . . . ≤ Im zi ≤ Im zi+1 ≤ . . . ≤ β/2} will be called Euclidean Green
functions of the free Bose gas and their full collection extended to
⋃
n≥0
W(h)×n
by linearity will be denoted by EIG0. The following abbreviations will be used:
Eβ,+n = {(S1, . . . , Sn) ∈ Eβn |0 ≤ Si}; (2.11)
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Sk ≡ (Sk1 , . . . Skk ) ∈ Eβk ; (2.12)
Wk ≡ (W k1 , . . . ,W kk ) ∈ W(h)×k; (2.13)
EG0
Wk
(Sk) ≡E G0W1,...,Wk(S1, . . . Sk) (2.14)
fk ≡ (f1, . . . , fk) ∈ L2(IRd)×k; (2.15)
EG0
fk
(Sk) ≡ EG0f1,...,fk)(S1, . . . , Sk)
= EG0W (f1),...,W (fk))(S1, . . . , Sk)
(2.16)
Sk∗ ≡ (−Sk, . . . ,−S1) for Sk ∈ Eβk ; (2.17)
Wk∗ ≡ (W+k , . . . ,W+1 ) for Wk = (W1, . . . ,Wk); (2.18)
(Wn,Sn) ≡ ((W1, S1), . . . , (Wn, Sn)) (2.19)
Proposition 2.2 Let EIG0 = {EGW1,...,Wk(S1, . . . , Sk)|Wi ∈ W(h), (S1, . . . , Sk) ∈
Eβk } be the collection of the Euclidean Green functions of the free Bose gas in
the noncritical regime. Then the collection EIG0 has the following properties:
EG(1) (i) for each fixed Wk ∈ W(h)×k the map
Eβk ∋ Sk −→E G0Wk(Sk)
is continuous
(ii) for each fixed Sk ∈ Eβk the map
W(h)×k ∋Wk −→E G0
Wk
(Sk)
is: multilinear and for any fk ∈ L2(IRd)×k the map:
L2(IR
d)×k ∋ fk −→E G0
fk
(Sk)
is continuous and obeys the estimate |EGfk(Sk)| ≤ 1.
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(iii) for any Sk ∈ Eβk and any S ∈ [−β/2, β/2] such that Sk+S ≤ β/2
the Euclidean Green functions are locally shift invariant i.e. for
any Wk ∈ W(h)×k:
EG0
Wk
(Sk + S) =E G0
Wk
(Sk)
where Sk + S ≡ (S1 + S, . . . , Sk + S).
(iv) for any Wk ∈ W(h)×k, any Sk : ∃1≤i≤k−1Si = Si+1 we have the
equality:
EG0
Wk
(Sk) =E G0
Wk
(i)
(Sk(i)
where Wk(i) = (W1, . . . ,Wi−1,Wi ·Wi+1, . . . ,Wk)
Sk(i) = (S1, . . . , Si, Si+2, . . . , Sk)
(v) for any Wk ∈ W(h)×k : ∃1≤i≤k : Wi = 1 the following equality
holds:
EG0
Wk
(Sk) =E G0
(i)W
k−1((i)S
k−1)
where
(i)W
(k−1) = (W1, . . . ,Wi−1,Wi+1, . . . ,Wk)
(i)S
(k−1) ≡ (S1, . . . , Si−1, Si+1, . . . Sk)
(vi) EG0
1
(0) = 1
EG(2) (OS-positivity)
For any terminating sequences
W
∼
= (W0,W1, . . .Wk, . . .), S
∼
= (S0, . . . ,Sk, . . .)
with
Sk ∈ Eβ,+k for all k = 1, 2, . . .
∑
k,l
EG0
Wk∗,Wl(S
k,∗,Sl) ≥ 0 , (2.20)
EG(3) For any terminating sequences
W = (W0,W1, . . .Wk, . . .), S
∼
= (S0, . . . ,Sk, . . .)
with
S
∼
k ∈ Eβ,+k for all k = 1, 2, . . . and for any f ∈ L2(IRd) :
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∑
k,l
EG0
W
∼
k,∗,f ;f˜ ,W l
(Sk,∗, 0, 0, Sl) ≤∑
k,l
EG0
W
∼
k,W
∼
l(S
∼
k,∗,S
∼
l) (2.21)
EG(4) (weak form of the KMS condition)
Let EGˆ0W0,...,Wn(S1, . . . , Sn) ≡E G0W0,W1,...,Wn(−β2 , S1− β2 , . . . , Sn− β2 ) for
0 ≤ S1 ≤ . . . ≤ Sn ≤ β. Then for each n, Wn+1 ∈ W(h)×n
EGˆ0
Wn+1
(Sn) =
EĜ0Wn,W0,...,Wn−1(β − Sn, β − Sn + S1, . . . , β − Sn + Sn−1)
(2.22)
EG(5) (Euclidean invariance and uniqueness of the vacuum)
Under the natural action τ{a,A} of the Euclidean Group of Motions E(d)
on the Weyl algebra W (h) the Euclidean Green functions are
(i) invariant
(ii) have the cluster decomposition property, i.e.
for any Wk ∈ W(h)×k, Wl ∈ W(h)×l, Sk ∈ Eβk , Sl ∈ Eβl :
E
lim
|a|−→∞
G0τ{a,0}Wk ;Wl(S
k,Sl) =E G0
Wk
(Sk) ·E GWl(Sl) (2.23)
Proof:
Let us consider the free gas GNS W ∗-KMS structure IC0 = (H0, Ω0, α0t ,
π0(W(h))′′). By the Araki theorem [31] the Euclidean Green functions are
represented as:
EG0
Wn(S
n) =
〈
Ω0|α0is1(π0((W1)) . . . α0isn(π0(Wn))Ω0
〉
(2.24)
and by the very definition of IC0:
ω
(β,µ)
0 (W (f)) = 〈Ω0, π0(W (f))Ω0〉 (2.25)
Now everything follows easily from (2.24) and the Araki theorem. In partic-
ular the OS positivity EG(2) follows from the fact that the l.h.s. of (2.20)
can be written as:
(l.h.s. of (2.20)) ≡
〈
Ω0|(∑
k
k∏
lk=1
α0
isk
lk
(π0(W (f
k
lk
))))+
·(∑
k
k∏
lk=1
α0
isk
lk
(π0(W (f
k
ik
)))Ω0
〉 (2.26)
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The weak form of the KMS-condition, formulated as EG(4) can be observed
easily from the explicite formulae (2.8) for the corresponding Green functions.
✷
Remarks
As it was demonstrated in [20] the multitime Euclidean Green functions of
any C∗–(orW ∗)–KMS structure obey similar properties EG(1)÷EG(4) with
the obvious modifications of the continuity properties EG(2)(ii) and EG(3).
It can be checked using the basic results of [1, 2, 3, 4] that the Euclidean
Green functions of Dilute Bose gases (and also of Dilute Fermi gases built
over the CAR algebra over h) in the regime considered by Ginibre [1] obey
the system EG(1)÷EG(5). The detailed study of arising modular structures
(see below) are now under investigations. The Euclidean Green functions of
the critical Bose gas also obey properties similar to EG(1)÷EG(5i) and their
restrictions to the Abelian sector (of the Weyl algebra) fulfill also EG(6) (see
below).
✷
The complex subalgebra A(h) ofW(h) generated by the elements W (f),
with f = f will be called an Abelian sector of W(h) and the corresponding
free Euclidean Green functions restricted to A(h) will be denoted by EAIG0.
For −β
2
≤ s1 ≤ . . . ≤ sn ≤ β2 we have the following formulae:
EAG0((s1, f1), . . . , (sn, fn)) =
∏
1≤i≤j≤n
exp−1
2
Sβ0 (sj − si, fi ⊗ fn) (2.27)
where:
Sβ0 (s, fi ⊗ fn) =
∫
Sˆβ0 (s, p)fi(−p)fj(p) dp; (2.28)
Sˆβ0 (s, p) ≡
zs/βe−sE(p) + z1−s/βe−(β−s)E(p)
1− ze−βE(p) (2.29)
The periodic extension of Sˆβ0 (s, p) to the whole IR shall be denoted by the
same symbol. The fundamental properties of the free thermal kernels Sβ0 (s, x)
are collected in the following Proposition.
Proposition 2.3
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1. Let Ŝβ0 be the free thermal kernel (2.29) with E(p) = p2 or E(p) =√
p2 +m2, m > 0. Then for any 0 ≤ s ≤ β; z noncritical:
(i) 0 < Sβ0 (s, · ) ∈ S(IRd) if s ∈ (0, β)
(ii) Sβ0 (0, · ) = Sβ0 (β, · ) = Cβ0 ( · ) in D′(IRd) sense.
2. Let E(p) = |p|, then for any 0 ≤ s ≤ β, 0 < z < 1
(i) 0 < Sβ0 (s, · ) ∈ L1(IRd) ∩ C0(IRd) ∩ C∞(IRd) if s ∈ (0, β)
(ii) Sβ0 (0, · ) = Sβ0 (β, · ) = Cβ0 ( · ) in D′(IRd) sense.
3. For E(p) = p2 or E(p) = √p2 +m2, m ≥ 0 the kernel Sβ0 is stochastically
positive on the space L2(Kβ × IRd), i.e. for any g1, g2 ∈ L2(Kβ); f1,
. . . ,fn ∈ L2(IRd), C1, . . . , Cn ∈ C:
n∑
α,β=1
CαCβS
β
0 (gα ⊗ fα|gβ ⊗ fβ) ≥ 0 (2.30)
where
Sβ0 (g⊗f |g′⊗f ′) =
∫ β
0
ds
∫ β
0
ds′ g(s)g′(s′)
∫
dx
∫
dy f(x)f ′(y)Sβ0 (|s−s′|, x−y) .
(2.31)
4. For E(p) = p2 or E(p) = √p2 +m2, m ≥ 0 the kernel Sβ0 is OS positive on
the circle Kβ, i.e. for any t1, . . . , tn in[0, β/2], f1, . . . , fn ∈ Lr2(IRd),
c1, . . . , cn ∈ C:∑
α,β
cαcβ
∫
dx
∫
dy Sβ0 (tα + tβ|fα ⊗ fβ) ≥ 0 (2.32)
Proof:
From the assumption sup
p
ze−βE(p) < 1 it follows that:
Ŝβ0 (s, p) =
∑
n≥0
F̂n(s, p) (2.33)
where:
F̂n(s, p) ≡ zn+s/βe−(βn+s)E(p) + zn+1−s/βe−(β(n+1)−s)E(p) (2.34)
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So, if E(p) = p2 or E(p) = √p2 +m2, m > 0 then F̂n(s, p) ∈ S(IRd) for each
n ≥ 1 and n = 0 if s ∈ (0, β). In this case also
∞∑
n≥1
zn exp (−βnE(p)) ∈
S(IRd). Taking into account that
Ŝβ0 (s, p) =
∑
n≥0
zne−βnE(p)
(zs/βe−sE(p) + z1−s/βe−(β−s)E(p))
it follows that also Ŝβ0 (s, p) ∈ S(IRd) if s ∈ (0, β). Moreover Sβ0 (s, x) > 0 for
any x ∈ IRd.
Similarly, if E(p) = |p| than we have:
Ŝβ0 (s, p) =
∑
n≥0
zne−βn|p|
(zs/βe−s|p| + z1−s/βe−(β−s)|p|) (2.35)
therefore from the continuity of Fourier transform and (2.4) we obtain
Sβ0 (s, x) =
∑
n≥0
znc
(β2n2 + |x|2)d+ 12(
zs/βc
(s2 + |x|2)d+ 12 +
z1−s/βc
(β − s)2 + |x|2)d+ 12
)
=
∑
n≥0
zn+s/β
c
((βn+ s)2 + |x|2)d+ 12
+
∑
n≥0
zn+1−s/β
c
((β(n+ 1) + s)2 + |x|2)d+ 12
.
(2.36)
Because the above series are uniformly convergent on IRd and define a con-
tinuous function with decay at least as
1
(s2 + |x|2)d+ 12 for |x| ↑ ∞, which is
integrable provided s > 0.
Although the claims 3 and 4 follow easily from a basic characterization
theorem of KL [32] we present simple proofs of them for reader’s convenience.
Expanding into the Fourier series the periodic function Ŝβ(s, p) we obtain:
Ŝβ(s, p) =
∑
n∈ZZ
(
(µβ + E(p))2 + (2πn)2
)−1
(2β(µβ + E(p))
·
(
1− e−β(µ+E(p))
) (
1− z e−βE(p)
)−1
ei2πns/β .
(2.37)
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Because all the Fourier coefficients in the expansion (2.37) are positive the
stochastic positivity (2.30) follows. The OS positivity of one-time Euclidean
Green function is a general feature of all KMS systems as was demonstrated
in [19]. The straightforward proof of 4) is as follows. Let
IC0 = (H0,Ω0, π0, α0t ; π0(W(h))′′)
be the basic GNS W ∗-KMS system of the free Bose gas. Then we can write:
∑
α,β
cαcβS
β
0 (sα + sβ|fα ⊗ fβ) = ||
∑
α
cαα
0
isα(π0(W(fα))Ω0||2
≥ 0
(2.38)
✷
Remarks
1. Let hµ0 be a nonnegative, selfadjoint generator of unitary group U
0
t =
z−it/βe−itE(p) acting in the space h = L2(IR
d) and let dP µ be the corre-
sponding spectral measure of hµ0 . Then defining the covariance operator
Γβ0 (s) ≡
∫ ∞
0
dP µ(λ)
1− e−βλ
(
e−sλ + e−(β−s)λ
)
(2.39)
acting in h by definition:〈
f, Γβ0g
〉
≡ Ŝβ0 (s|f ⊗ g) (2.40)
we see that the kernel Sβ0 (s|f ⊗ g) belongs to the class of kernels con-
sidered in [32].
2. Let us observe that the periodic kernels nSβ(s, p) ≡ Fn(s, p) for each
n also have the positivity properties stated in the points 3) and 4) of
proposition 2.3. This leads to an interesting decomposition of the free
thermal process ξ0t defined below as a sum of independent OS-positive
Gaussian processes ξ0,nt , which have covariances equal to
nSβ(s, p). This
decomposition might be eventually used to develop a rigorous Renor-
malisation Group Analysis of interacting Boses Gases.
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Proposition 2.4 The collection EAIG0 of the Euclidean Green functions of
the free Bose Gas in the noncritical regime obeys the properties EG(1)–EG(5)
of proposition 2.2 and additionally:
EG(6): (stochastic positivity)
for any: S
∼
k ∈ Eβk , fk = (fk1 , . . . , fkk ): fki = fki ∈ L2(IRd),
∑
k,l
EG0f
∼
k∗, f
∼
l(s
∼
k, s
∼
l) ≥ 0 (2.41)
Proof:
From assertion 3 of Prop 2.3 it follows by standard construction (see i.e.
[28, 32]) that there exists a Gaussian process (ξ0t )tǫKβ indexed by L
2(IRd),
with mean zero and the covariance given by Sβ0 (τ, x). The r.h.s of (2.41) can
be rewritten in terms of (ξ0t ) as
IE
∣∣∣∣∣∣
∑
k
nk∏
lk=1
exp i
〈
ξ0sk
lk
; fklk
〉∣∣∣∣∣∣
2
,
✷
Having defined a system of Euclidean multitime Green functions with the
properties listed in Proposition 2.2 we can apply the constructions of [20] to
build certain W ∗-KMS structures. The interesting aspect of the proposition
below is that the system of Euclidean Green functions of the free Bose Gas
restricted to A(h) already contains all information of the free Bose Gas.
Proposition 2.5 Let E(p) = p2 or E(p) = √p2 +m2, m ≥ 0 and let z be
noncritical. Then
1. There exists a unique (up to a unitary equivalence) W ∗-KMS system
EIC = (EH0, EΩ0, Eα0t , Em0) and a bounded ∗-representation Eπ0 of
W(h) such that:
(i) Eπ0(W(h)) ⊆E m0 ,
(ii) the multitime Euclidean Green functions of EIC0 restricted to
Eπ0(W(h))
coincide with EIG0.
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(iii)
Em0 =W
∗{ Eα0t1( Eπ0(W (f1))) . . . Eα0tn( Eπ0(W (fn)))} ,
2. There exists a unique (up to a unitary equivalence) W ∗-KMS system
AIC = (AH0, AΩ0, Aα0t , Am0) and a bounded ∗-representation Aπ0 of
A(h) such that:
(i) Aπ0(A(h)) ⊆A m0 ,
(ii) the multitime Euclidean Green functions of the system AIC0 re-
stricted to Aπ0(A(h)) coincide with AIG0.
(iii)
Am0 = W
∗{ Aα0t1( Aπ0(W1)) . . . Aα0tn( Aπ0(Wn))} ,
for W1, . . . ,Wn ∈ A(h) .
3. Both systems EIC0 and
AIC0 are unitarly equivalent to the GNS W
∗ KMS
system IC0 = (H0,Ω0, α0t , π0(W(h))′′) .
Proof:
Step 1.
In the first step we apply in a sketchy way a general construction of [20] (see
also [19]) to which we are referring for more details. Because in both cases
the constructions of EIC0 and
AIC0 are identical we shall restrict ourselves to
the construction of EIC0 only.
Let V˜ β be the free complex vector space built over the set {(W
∼
n, s
∼
n)| s
∼
n ∈
Eβ,+n }. Then we divide V˜ β by the natural relations arising from the proper-
ties EG(1)(i), EG(1)(iv), EG(1)(v) and EG(1)(vi) obtaining a complex vector
space V β. The following sesquilinear form∑
α
cα(W
∼
nα, s
∼
nα);
∑
β
dβ(W
∼
kβ , s
∼
kβ)
 ≡∑
α,β
cαdβ
EGo
W
∼
nα∗,W
∼
kβ
(
s
∼
nα∗, s
∼
kβ
)
(2.42)
defined on V β is nonnegative by EG(2). The corresponding Hilbert space
will be denoted by EH0 and the corresponding classes of abstraction will be
denoted by square brackets ”[ ]”.
Lifting the natural action E π˜0 of W(h) on V˜ β, defined by
E π˜0(W )(W
∼
n, s
∼
n) ≡ ((W,W
∼
n); (0, s
∼
n)) ,
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to the space EH0 we obtain a ∗-representation of W(h) in EH0 which is
bounded because of EG(3).
Lifting the local shift transformation given by EG(1)(iii) into the space
EH0 we obtain a uniquely determined selfadjoint generator EH0. Defining
EΩ0 = [(1, 0)] ∈ EH0 we have that for any [(W
∼
n, s
∼
n)] ∈ EH0:
Eα0isn(
Eπ0(W1)) . . .
Eα0is1(
Eπ0(Wn))
EΩ0 = [(W
∼
n, s
∼
n)] .
Moreover, the vector valued maps:
Eβ,+n ∋ s∼
n −→
n∏
k=1
Eα0isk(
Eπ0(Wk))
EΩ ∈ HE
can be holomorphically extended to the tube T nβ being continuous on the
boundary ∂T nβ . In particular it can be proved (see [20]) that the vector
EΩ0 is cyclic and separating for the W
∗-closure Em0 of the
∗-algebra gen-
erated by all products: Eα0t1(
Eπ0(W1)) . . .
Eα0tn(Wn)) where t1, . . . , tn ∈ IR;
W1, . . . ,Wn ∈ W(h). Thus we have sketched the construction and the proof
that EIC0 ≡ ( EH0, EΩ0; Eα0t ; Em0) forms a W ∗ KMS system. The Eu-
clidean Green functions of the system EIC0 are equal to
EIG0 by the very
construction. Let EIC ′0 ≡ ( EH′0, EΩ′0; Eα0t ′; Em′0) be another W ∗ KMS sys-
tem whose the Euclidean Green function coincide with EIG0 and such that
Em0 ⊃ Eπ′0(W(h)) for some Eπ′0 ∈ Rep∗(W(h), L( EH′0)) and Em′0 =
W ∗{ Eα0t1 ′( Eπ′0(W1)) . . . Eα0tn ′( Eπ′0(Wn))}. Then the isometry
j : Eα0t1(
Eπ0(W1)) . . .
Eα0tn(
Eπ0(Wn))
EΩ0
Eα0t1
′( Eπ′0(W1)) . . .
Eα0tn
′( Eπ′0(Wn))
EΩ′0
can be extended to a unitary operator such that j EΩ0 =
EΩ′0;
Eα0t =
j−1 Eα0t
′j; Em′0 = j
Em0j.
Step 2.
In the second step we identify the W ∗-KMS system EIC0 with IC0. Although
this identification follows from Section V of [20] we present straightforward
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proof below. To start with let us define a linear space DE generated by:
{ Eα0isn( Eπ0(W (fn))) . . . Eα0is1( Eπ0(W (f1))) EΩ0|
s
∼
n ∈ Eβ,+n , f
∼
n ∈ L2(IRd)⊗n}
From the step 1. we know that DE = EH0 and for any f
∼
n ∈ L2(IRd)×n the
map
Eβ,+n ∋ s∼
n −→ T −
n∏
i=1
Eα0isi(W (fi))
EΩ0
can be uniquely extended to a holomorphic, vector valued function on the
tube T βn and this extension gives also the holomorphic extension of the cor-
responding Green function,
Computing the r.h.s. of
〈
Eα0iτn(
Eπ0(W (f1))) . . .
Eα0iτ1(
Eπ0(W (fn)))
EΩ0,
Eα0t (W (f))
Eα0ism(
Eπ0(W (g1))) . . .
Eα0is1(
Eπ0(W (gm)))
EΩ0
〉
= G0
(
(fn, −iτn), . . . , (f 1, −iτ1); (f, t), (g1, is1), . . . , (gm, ism)
)
(2.43)
with the help of the formulae (2.8) and comparing it with
〈
Eα0iτn(
Eπ0(W (fn))) . . .
Eα0iτ1(
Eπ0(W (f1)))
EΩ0;
W [z−it/βeitE(p)f ] · Eα0isn( Eπ0(W (gn))) . . . Eα0is1( Eπ0(W (g1))) EΩ0
〉
(2.44)
we conclude that:
Eα0t
(
Eπ0(W (f))
)
= Eπ0
(
W (zit/βeitEf)
)
(2.45)
on a dense domain DE and thus on EH0.
Defining a map,
jE :
Eα0isn(
Eπ0(W (fn))) . . .
Eα0is1(
Eπ0(W (f1)))
EΩ0
−→ α0isn(π0(W (fn))) . . . α0is1(π0(W (fn)))Ω0 ∈ H0
(2.46)
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we obtain a densely defined with a dense range isometry from EH0 to H0
which extends naturally to a unitary map jE . From (2.45) we have:
jE
Eα0t j
−1 = α0t , jE
EΩ0 = Ω0 and
Em0 = j
−1
E π0(W (h))
′′jE .
Step 3.
In the third step we identify theW ∗-KMS system AIC0 with IC0. The following
lemma, whose proof is translated into the fourth step below plays a basic role.
Lemma 2.6 Let E(p) = p2 or E(p) = √p2 +m2, m ≥ 0. Then the set of
functions
V = {eitE(p)f(p)| t ∈ IR; f = f ∈ L2(IRd)}
is IR-linearly dense in L2(IRd).
It is because the Euclidean Green functions restricted to the abelian
sector A(h) of W(h) obey the properties EG(1)–EG(4) we can apply the
construction presented in the step 1. obtaining again a W ∗-KMS system
AIC0 = (
AH0, AΩ0, Aα0t ; Am0) where Am0 is theW ∗-algebra generated by the
operators Aα0t1(
Aπ0(W (f1))) . . .
Aα0tn(
Aπ0(W (fn))), where
Aπ0 is the corre-
sponding representation of A(h) in L( AH0) and all fi are real. From the
cyclicity of AΩ0 under the action of
Am0 it follows that the set of vectors
Aα0t1(
Aπ0(W (f1))) . . .
Aα0tn(
Aπ0(W (fn)))
AΩ0
is linearly dense in AH0. Defining a map
jA :
Aα0t1(
Aπ0(W (f1))) . . .
Aα0tn(
Aπ0(W (fn)))
AΩ0
−→ α0t1(π0(W (f1))) . . . α0tn(π0(W (fn)))Ω0
≡ π0
(
W (
n∑
α=1
eitαh
µ
fα)
)
Ω0
∏
1≤α<β≤n
exp{−iσ
(
eitαh
µ
fα; e
itβh
µ
fβ
)
}
(2.47)
we see that it is an isometry with dense range because of Lemma 2.6. More-
over ja(
AΩ0) = Ω0.
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Computing(
jA
n∑
l=1
Aα0itl(
Aπ0(W (gl)))j
∗
A
)
m∏
k=1
π0(W (e
−i(Skh
µ)fk))Ω0
=
n∏
l=1
α0itl(π0(W (gl)))
m∏
k=1
α0isk(π0(W (fk)))Ω0
(2.48)
we obtain
jA
(
m∏
k=1
Aα0itk(
Aπ0(W (gk)))
)
j∗A =
m∏
k=1
α0itk(π0(W (gk))) , (2.49)
therefore applying Lemma 2.6 again we conclude that:
jA
(
Am0
)
j∗A = π0(W(h))′′ (2.50)
Let us observe also that the map
Aπ˜0 : W
(∑
α
eitahµfα
)
−→ ∏
1≤α<β≤n
exp{iσ
(
eitαhfα, e
itβhfβ
)∏
α
Aα0tα(
Aπ0(W (fα)))
(2.51)
can be extended to representation of the full Weyl algebra W(h) in L( AH0)
and moreover the obtained representation extends Aπ′0. For this, let us ob-
serve that:
Aπ˜0
(
W (
∑
α
eitαh
µ
fα)
)
=
∏
1≤α<β≤n
exp{iσ
(
eitαh
µ
fα, e
itβh
µ
fβ
)
}∏
γ
Aα0tγ (
Aπ0(W (fγ)))
=
∏
1≤α<β≤n
exp{iσ
(
eitαh
µ
fα, e
itβh
µ
fβ
)
}j−1A
(∏
γ
α0tγ (π0(W (fγ)))
)
jA
= j−1A
(
π0(W (
∑
γ
eitγh
µ
fγ))
)
jA ,
(2.52)
by using (2.49), and the fact that π0 is a representation of W(h). From
lemma 2.6 we know that for any g ∈ Lr2(IRd) there exists a sequence
(tα1 , . . . , t
α
nα), (f
α
1 , . . . , f
α
nα) ∈ L2(IRd)
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such that
∑
k exp{itαkhµ}fαk −→ g in L2(IRd) sense.
Because π0 is L2(IR
d) continuous representation of W(h) it follows that
the limit
lim
α→∞
j−1A
(
π0
(
W (
∑
k
eit
α
k
hµfαk )
))
jA
exists in the weak sense, therefore we conclude that also
lim
α→∞
∏
1≤kα<lα≤n
exp{iσ
(
eit
α
kα
hµfαkα, e
itα
lα
hµfαlα
)
}∏
γ
Aα0itγ (
Aπ0(W (fγ))) ≡ Aπ˜(W (g))
(2.53)
exists in the weak sense. Now it is easy to check that Aπ˜ as defined in
(2.53) really *-bounded representation of W(h) in L( AH0) and such that
Aπ˜0|A(h) =
Aπ0.
✷
Step 4. proof of Lemma 2.6.
The operator eit∆ acts as eit∆f =
(
eitp
2
fˆ
)ˇ
, whereˆandˇdenote the Fourier
transform and its inverse. Let us take g ∈ Cc(IRd) which is a dense subspace
in L2(IRd). Let g1(p) =
1
2
[g(p) + g(−p)] and g2(p) = 12i [g(p) − g(−p)] be
hermitian parts of g. Because g1 is the Fourier transform of a real valued
function we may write
||g(p)− [
n∑
k=1
fˆk(p)e
itkp
2 −
n∑
k=1
fˆk(p)e
itkp
2 − g1(p)]||L2
= ||ig2(p)− i
n∑
k=1
fˆk(p) sin(tkp
2)||L2
(2.54)
so it is enough to show that for every ε > 0 there exist real valued functions
f1, . . . , fn ∈ L2(IRd) and t1, . . . , tn ∈ IR such that
||g2(p)−
n∑
k=1
fˆk(p) sin(tkp
2)||L2 < ε . (2.55)
Let B denote a ball in IRd of radius c > 0 such that supp g(p) ⊂ B. Let
fˆk(p) = ak(p)g2(p), where ak(p) ∈ C0(IRd) ∩ L2(IRd) and ak(p) = ak(p) =
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ak(|p|). It is clear that fˆk(p) is hermitian and belongs to L2(IRd). Then
||g2(p)−
n∑
k=1
fˆk(p) sin(tkp
2)||L2
≤ ||g2||∞||1−
n∑
k=1
ak(p) sin(tkp
2)||L2(B) .
(2.56)
Let us deform the constant function 1 to a function f0 ∈ C(B) such that
f0(p) ≥ 0 ∀p∈B, f0(0) = 0 and ||1 − f0||l2(B) < ε, f0(p) = f0(p′) if |p| = |p′|.
Then
||1−
n∑
k=1
ak(p) sin(tkp
2)||L2(B)
≤ ε+ µ(B) 12 sup
|p|∈[0,c]
|f0(|p|)−
n∑
k=1
ak(|p|) sin(tkp2)| ,
(2.57)
where µ(B) is the Lebesque measure of the ball B.
We consider a real algebra generated by
∑n
k=1 ak(|p|) sin(tk |p|2) on (0, c].
It is clear that sin(t |p|2) separates points in (0, c] and for every |p| ∈ (0, c]
there exists t ∈ IR such that sin t|p|2 6= 0. Because we may choose a(p) such
that α|B = 1 so our algebra separates points and nowhere vanishes in (0, c].
Thus applying Stone-Weierstrass theorem to C0(0, c] we have that
sup
|p|∈(0,c]
|f0(|p|)−
n∑
k=1
ak(|p|) sin(tk |p|2)| < ε
for some a1, . . . , an and t1, . . . , tn. Finally
||g2(p)−
n∑
k=1
fˆk(p) sin(tkp
2)||L2 ≤ ||g2||sup(1 + µ(B) 12 )ε
which proves the assertion for E(p) = p2. The same proof works for E(p) =√
p2 +m2, m ≥ 0.
✷
To exploit the stochastic positivity EG(6) of the system AEIG and for the
further development we shall introduce two basic concepts of the generalized
thermal process and the generalized thermal random field.
If should be emphasized that these concepts are heavily inspired by the
abstract theory developed by Klein and Landau in [25] (see also [32]).
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Definition 2.7 Any generalized, periodic (with the period β) stochastic pro-
cess (ξt)t∈IR with values in D′(IRd) will be called a thermal process (with the
temperature β) iff
Tp(1) the process (ξt)t∈IR is symmetric on Kβ, i.e.
∀−β/2≤τ≤β/2∀f∈D(IRd) 〈ξτ , f〉 = 〈ξ−τ , f〉 (in law) (2.58)
Tp(2) the process (ξt)t∈IR is (locally) homogeneous i.e.
∀ τ,s∈Kβ
τ+s≤β/2
∀f∈D(IRd) 〈ξτ+s, f〉 = 〈ξτ , f〉 (in law) (2.59)
Tp(3) the process (ξt)t∈IR is OS-positive on Kβ i.e. for any bounded F ∈
Cb(IR
n), any τ
∼
n ∈ [0, β/2]×n; f
∼
n ∈ D(IRd)×n
0 ≤ EF
(〈
ξ−τn1 , f1
〉
, . . . ,
〈
ξ−τnn , fn
〉)
F
(〈
ξτn1 , f1
〉
, . . . ,
〈
ξτnn , fn
〉)
(2.60)
Tp(4) the moments:
E
(
n∏
i=1
ei〈ξτi , fi〉
)
≡ G(ξ)f1, ...,fn(τ1, . . . , τn) (2.61)
are continuous in τ
∼
n ∈ (Kβ)×n and on D(IRd)×n
A thermal process ξ is called Euclidean invariant if additionally:
Tp(5) the moments (2.61) are invariant under the action of the Euclidean
Group E(d) in D(IRd).
A thermal process (ξt)t∈IR is called tempered iff the moments (2.61) are con-
tinuous on S(IRd)×n, Lp-continuous iff the moments (2.61) are continuous
on Lp(IRd)×n, etc.
If (ξt)t is a generalized thermal process then its corresponding path space
measure construction leads to to concept of the random generalized field.
Definition 2.8 Any generalized random field µβ on D′(Kβ × IRd) (i.e. any
probabilistic, Borel cylindric (PBC) measure) will be called generalized ther-
mal random field iff
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Tf(1)
∀ g∈C∞(Kβ )
f∈D(IRd)
〈φ; r(g ⊗ f)〉 = 〈φ; g ⊗ f〉 (in law µβ) (2.62)
where r(g ⊗ f)(τ, x) = g(−τ)f(x) ,
Tf(2)
∀ g∈C∞
0
(Kβ)
f∈D(IRd)
〈φ; ts(g ⊗ f)〉 = 〈φ; g ⊗ f〉 (in law µβ) (2.63)
for any s > 0 such that supp ts(g) ⊆ [−β/2, β/2], where ts(g)(τ) ≡
g(t+ s) ,
Tf(3) the field µβ inOS-positive on the circle Kβ, i.e. for any bounded cylin-
dric function F based on (g1 ⊗ f1, . . . , gn ⊗ fn), where gi ∈ C∞[0, β/2]
for all i, fi ∈ D(IRd):
0 ≤ µβ (RF (〈φ, g1 ⊗ f1〉 , . . . , 〈φ, gn ⊗ fn〉) F (〈φ, g1 ⊗ f1〉 , . . . , 〈φ, gn ⊗ fn〉))
(2.64)
where:
RF (〈φ, g1 ⊗ f1〉 , . . . , 〈φ, gn ⊗ fn〉) = F (〈φ, rg1 ⊗ f1〉 , . . . , 〈φ, rgn ⊗ fn〉)
(2.65)
Tf(4) for any τ ∈ Kβ the random elements 〈φ, δτ ⊗ f〉 (defined as a unique
limits in Lp(dµβ) sense limǫ↓0 〈φ, δǫτ ⊗ f〉, for any mollifier δǫτ → δτ)
exists and moreover the moments
µβ
(
n∏
i=1
ei〈φ,δτi⊗fi〉
)
≡ G(µ)f1, ...,fn(τ1, . . . , τn) (2.66)
are continuous in τ
∼
n ∈ K×nβ ; f
∼
n ∈ D(IRd)×n.
Tf(5) a generalized random thermal field µ is Euclidean invariant iff the
moments G(µ) are invariant under the natural action of E(d) in D(IRd).
Additionally: a generalized random thermal field µ will be called tempered
iff the moments (2.66) are tempered distributions, Lp-continuous iff the
moments (2.66) are Lp-continuous, etc.
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Proposition 2.9 1. Let (ξt)t be tempered thermal process with the tem-
perature β. There exists a unique (up to the unitary equivalence) W ∗
KMS structure
ICξ =
(
Hξ,Ωξ;αξt ; πξ : A(S(IRd)) −→ L(Hξ),mξ
)
where
mξ =W ∗ − {αξt1(πξ(W (f1))) . . . αξtn(πξ(W (fn)))}
with fi = f i ∈ S(IRd) real, whose Euclidean Green functions restricted
to πξ(A(S(IRd))) coincide with the moments Gξ· , ..., · (τ1, . . . , τn) , i.e.
for any −β/2 ≤ τ1 ≤ . . . ≤ τn ≤ β/2:
〈
Ωξ; αξiτn(π
ξ(W (fn))) . . . α
ξ
iτ1(π
ξ(W (f1)))Ω
ξ
〉
= Gξf1, ...,fn(τ1, . . . , τn)
= Eei〈ξ1, f1〉 . . . ei〈ξn, fn〉
(2.67)
2. Let µ be a tempered thermal field ( at the temperature β). There exists
a unique (up to a unitary equivalence) W ∗ KMS structure
IC(µ) =
(
H(µ),Ω(µ);α(µ)t ; π(µ) ∈ Hom ∗(A(S(IRd)), L(H(µ))); m(µ)
)
where
m(µ) =W ∗ − {α(µ)t1 (π(µ)(W (f1))) . . . α(µ)tn (π(µ)(W (fn)))}
t1, . . . , tn ∈ IR, f1, . . . , fn ∈ S(IRd); fi = f i} ,
whose Euclidean Green function restricted to π(µ)
(
A(S(IRd))
)
coincide
with Gµ· , ..., · (τ1, . . . , τn) .
3. If the tempered random thermal fields µ is the path space measure of a
tempered process (ξt)t i.e. if:
Eei〈ξτ1 , f1〉 . . . ei〈ξτn , fn〉 = µ
(
ei〈φ,δτ1⊗f1〉 . . . ei〈φ,δτn⊗fn〉
)
(2.68)
for all τ1, . . . , τn ∈ Kβ; f1, . . . , fn ∈ S(IRd) then the W ∗-KMS systems
IC(ξ) and IC(µ) coincide.
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Proof:
Let (ξt)t be a given tempered thermal process at the temperature β > 0.
It follows from the definition 2.7 that the moments G
(ξ)
f1, ...,fn
(τ1, . . . , τn) define
on the abelian sector A(S(IRd)) of the Weyl algebra W(S(IRd)) a system of
functions fulfilling EG(1)–EG(6) with modified EG(1)(ii):
EG(1)(ii)’ : the functionals
G(ξ)· , ..., · (τ1, . . . , τn) : S(IR
d)×n ∋ (f1, . . . , fn) 7→ G(ξ)f1, ...,fn(τ1, . . . , τn)
are continuous and
∣∣∣G(ξ)f1, ...,fn(τ1, . . . , τn)∣∣∣ ≤ 1
and possible lack of EG(5)(ii). Also EG(3) should be properly modified. All
these modifications however do not affect seriously the construction presented
in the step 1 of the proposition 2.5. Proceeding analogously to step 1 of
proposition 2.5 we can construct ICξ. Similarly we prove the existence of ICµ.
The identification of ICξ and ICµ follows from 2.69 and the uniqueness part of
(1) and (2).
✷
It follows from the results of [32], stochastic positivity EG(6) and the
proposition 2.5 that the thermal structure of the free Bose Gas can be de-
scribed fully in terms of the corresponding stochastic thermal structures
Proposition 2.10 Let E(p) be given by (2.1) and let 0 < z be such that
supp z exp{−βE(p)} < 1 . Then for any β > 0 :
1. There exists a unique (up to a stochastic equivalence) Gaussian thermal
process (ξ0t )t∈IR with values in D′(IRd) such that:
E
〈
ξ0t , f
〉
= 0 ; E
(〈
ξ0t , f
〉 〈
ξ0t′, g
〉)
= Sβ0 (|t− t′|, f ⊗ g) (2.69)
The process (ξ0t )t∈IR is Euclidean invariant, ergodic and L
2-continuous.
2. There exists a unique (up to a stochastic equivalence) Gaussian gener-
alized thermal random field µβ0 such that:
µβ0 (〈φ, f〉) = 0 ,
µβ0 (〈φ, δτ ⊗ f〉 〈φ, δτ ′f〉) = Sβ0 (|τ − τ ′|, f ⊗ g) .
(2.70)
The thermal field µβ0 is Euclidean invariant, ergodic and L
2-continuous.
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3. The generalized random field µβ0 can be identified with the path space
measure of the process (ξ0t )t∈IR i.e. for any bounded, cylindric function
F with base (τ1, f1), . . . , (τn, fn)
EF (〈ξτ1, f1〉 , . . . , 〈ξτn , fn〉) ≡ µβ0 (F (〈φ, δτ1 ⊗ f1〉 , . . . , 〈φ, δτn ⊗ fn〉))
(2.71)
4. Let νβ0 be a Gaussian measure on D′(IRd) with mean zero and the co-
variance given by:
νβ0 (〈ϕ, f〉 〈ϕ, g〉) = Cβ0 (f ⊗ g) (2.72)
Then the measure νβ0 is the unique stationary measure of the process
(ξ0t )t∈IR and ν
β
0 is equal to the restriction of µ
β
0 to the σ-algebra at τ = 0 ,
i.e. µβ0 |Σ(0) = ν
β
0 , where
Σ(0) = σ{〈φ, δ0 ⊗ f〉 ; f ∈ f ∈ D(IRd)} .
Moreover the measure νβ0 is quasiinvariant under the translations by
D(IRd).
Remarks
Other well known examples of the generalized thermal processes arise in
the study of two-dimensional models of Euclidean (Quantum) Field Theory
([23, 33]) and also in the context of the Euclidean version of the Bisognano-
Wichman theorem [33, 34]. Similar stochastic thermal structures on the
abelian sectors of the corresponding algebras of observables do appear also
in the context of (an)harmonic lattice crystals [21, 26, 27] and certain spin
systems [24, 35].
The common problem of all these examples is to construct a modular
structure on whole algebra of observables from arising stochastic thermal
structures on the abelian sector. In the case of the Free Bose Gas the com-
plete solution of this problem is given by proposition 2.5.
From the assumption supp |z exp{−βE(p)}| < 1 it follows that the opera-
tor (1− z exp{−βE(p)})−1 exists in L2(IRd) and is bounded, strictly positive
and self adjoint. Let hβ(IRd) be the metric completion of the space D(IRd)
equipped with the inner product
〈f, g〉 ≡
∫
f(x)(1− ze−βE(p))−1(x− y)g(y) dx dy . (2.73)
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From the simple estimates:
||f ||L2(IRd) ≤ ||f ||β ≤
(
inf
p
(1− ze−βE(p))
)−1
||f ||L2(IRd) (2.74)
it follows that hβ is essentially equal to L2(IR
d). Using the L2(IRd)-continuity
of the process ξ0t and estimates (2.74) we can define a version ξ˜
0
t of ξ
0
t obtained
by extension of the index space D(IRd) onto the space hβ. The new process
ξ˜0t is indexed by Kβ × hβ(IRd). For any Borel subset I ⊂ Kβ we denote by
Σ(I) the smallest σ-algebra generated by
{
(ξ˜0t , f) | t ∈ J, f ∈ hβ(IRd)
}
. For
any t, s ∈ Kβ we will denote by [t, s] the closed interval from t to s in the
counterclockwise direction. The corresponding conditional expectations with
respect to the σ-algebras Σ[t, s] (Σ(J)) will be denoted by E0[t,s] (resp. E
0
J).
Proposition 2.11
1. For any allowed form of E(p), z such that |ze−E(p)| < 1 the correspond-
ing free thermal process ξ˜0t has two-sided Markov property on Kβ in the
sense that:
E0[s,r] ◦ E0[r,s] = E0{r,s} ◦ E0[r,s] (2.75)
2. Let Ξ(J) ≡ σ{φ(t, f) | t ∈ J, f ∈ hβ} be the corresponding σ-algebras
in B(D′(Kβ×IRd)) and let E˜0(J) denote the corresponding conditional
expectation values. Then the free thermal random field µβ0 has the fol-
lowing two-sided Markov property on Kβ:
E˜0[s,r] ◦ E˜0[r,s] = E˜0{r,s} ◦ E˜0[r,s] (2.76)
Proof:
It follows easily easily that the operator hµ = h0 + µ1 is a nonnegative
selfadjoint operator in hβ (on the same domain as in L2(IRd)). Moreover the
covariance operator Γβ0 (t) of the process ξ˜
0
t indexed by Kβ × hβr is given by:
Γβ0 (t) = e
−thµ + e−(β−t)h
µ
(2.77)
Applying theorem 4.1 of [32] we conclude the proof of the first section. The
second part follows easily by identification of φ(t, x) with ξt(x) given in propo-
sition 2.10 and the density of D(IRd) in the space hβr (IRd).
✷
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2.2 Local aspects (The case E(p) = p2)
Let Λ ⊂ IRd be a bounded region with a boundary ∂Λ of a class at least
C1-piecewise. Then, for any b ∈ C(∂Λ) the selfadjoint extension −∆bΛ of
the symmetric operator −∆ defined on C∞0 (Λ) can be constructed. It is well
known that the arising semigroup {e−t∆bΛ , t ≥ 0} is positivity preserving
on L2(Λ) therefore there exists a stationary, with independent increments
Markov process BσΛ(t) with values in Λ for which the kernel K(Λ,b)t of e−t∆bΛ
plays the role of the transition function.
Let WΛ be the local Weyl algebra built over the space L2(Λ) and let WFΛ
be its Fock space realisation in the Fock-Bose space Γ−1(L2(Λ). In particular
we have
W FΛ (f) = e
i[a+Λ (f)+aΛ(f)] = eiϕΛ(f) (2.78)
where aΛ and a
+
Λ are standard annihilation and creation operators in Γ−1(L2(Λ).
Let P (Λ,b)(dλ) be the spectral measure for the operator −∆bΛ. Then, we
can define finite volume thermal state ω
(Λ,b)
0 on WFΛ by the formula
ω
(Λ,b)
0 (WF (f)) = exp−
1
2
Cβ0,(Λ,b)(f) (2.79)
where
Cβ0,(Λ,b)(f) ≡
〈
f |Cβ0,(Λ,b)(f)
〉
L2(Λ)
; (2.80)
Ĉβ0,(Λ,b)(f) =
∫
P (Λ,b)(dλ)
1 + ze−βλ
1− ze−βλ (2.81)
It is well known (see i.e. [17]) that for any monotonic sequence (Λn)n of
bounded regions in IRd and with sufficiently regular boundaries ∂Λn tend-
ing to IRd by inclusion and for any sequence b∂Λn ∈ C(∂Λn) we have the
weak convergence: limn→∞ Ĉ
β
0,(Λn,bn)
= Cβ0 if z ∈ (0, 1). The corresponding
GNS construction applied to (WFΛ ( · ; ω(Λ,b)0 ) leads again to W ∗-KMS sys-
tem IC
(Λ,b)
0 = (H(Λ,b)0 ; π(Λ,b)0 ; Ω(Λ,b)0 ; α(Λ,b)t ; π(Λ,b)0 (W FΛ )′′) and the correspond-
ing Green functions can again be easily computed and the analicity prop-
erties similar to those of IG0 established. In particular the corresponding
Euclidean Green functions EIG0(Λ, b∂Λ) again fulfill the system of axioms
EG(1) − −EG(4) and EG(6), therefore the whole discussion from the sub-
section 2.1 can be repeated with obvious modifications.
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Lemma 2.12 Let z = e−βµ be sufficiently small and let (Λn) be a monotonic
sequence of bounded convex regions in IRd with boundaries ∂Λn of class at
least C3 and with mean curvatures uniformly bounded. Then for any choice
of bn ∈ C(∂Λn), any f1, . . . , fm ∈ L2(Λ), s
∼
m ∈ T βn we have the convergence
limn→∞
EG0(Λn, bn) ((s1, f1), . . . , (sm, fm)) =
EG00 ((s1, f1), . . . , (sm, fm))
(2.82)
Proof:
The monotonicity in the boundary conditions:
If b1(x) ≤ b2(x) for all x ∈ ∂Λ, then
K
(Λ,b1)
t (x, y) ≥ K(Λ,b2)t (x, y) (2.83)
for all x, y ∈ Λ, t > 0. Therefore
sup
b∈C(∂Λ)
|K(Λ,b)t (x, y)−Kt(x, y)| = |K(Λ,0)t (x, y)−Kt(x, y)| (2.84)
for all t, x, y ∈ Λ, whereK(Λ,0)t is the kernel of the semigroup {e−t∆NΛ (x, y), t ≥
0}, where ∆NΛ correspond to the Neumann boundary condition. By the
(rough) estimate of [36] we have with our assumptions on (Λn):∣∣∣∣K(Λn,b∂Λn )t (x, y)−Kt(x, y)∣∣∣∣ ≤ Ceλtt−d/2 exp
{
−c
(
d(x,Λcn)
2 + d(y,Λcn)
2
4t
)}
(2.85)
for all x, y ∈ Λ, t ∈ IR, where C, c and λ ≥ 0 are some constants.
It is due to the quasifree nature of the states ω
(Λ,b)
0 that it is enough to
consider the one time Green function only
∣∣∣ EG0(Λn, bn)((0, f1), (s1, f2))− EG0((0, f1), (s1, f2))∣∣∣
≤
∣∣∣exp (iσ(f1, eis1hµ(Λn,bn)f2))∣∣∣∣∣∣∣Sβ0 (s1 | f2 ⊗ f2)− ei[σ(f1,eis1hµΛf2)−σ(f1,eis1hµf2)]Sβ0 (s1, f1 ⊗ f2)∣∣∣∣
(2.86)
It is well known that limn→∞ e
it(−∆
bΛn
Λn
+µ1) = eit(−∆+µ1) strongly in L2(IRd),
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therefore we shall omit the symplectic factor in the last formula, concentrat-
ing attention on:
∣∣∣(Λn,bn)Sβ0 (s| f1 ⊗ f2)− Sβ0 (s| f1 ⊗ f2)∣∣∣
≤ ∑
n≥0
zn+s/β
∫
dx dy f1(x)f2(y)
∣∣∣K(Λn,bn)(βn+s) (x, y)−K(βn+s)(x, y)∣∣∣
+
∑
n≥0
zn+1−s/β
∫
dx dy f1(x)f2(y)
∣∣∣K(Λn,bn)(β(n+1)−s)(x, y)−K(β(n+1)−s)(x, y)∣∣∣
(2.87)
Therefore localizing firstly f1, f2 and taking into account (2.85) we obtain
lim
n→∞
(Λn,bn)Sβ0 (s, f1 ⊗ f2) = Sβ0 (s| f1 ⊗ f2) (2.88)
provided e−βµeλ < 1.
✷
Remarks
The restriction e−βµeλ < 1 is by no doubts only an artifact of the rough
estimate (2.85) used. It is natural to expect that actually this lemma is valid
for all 0 < z < 1. For a Dirichlet boundary condition the constant λ can be
taken equal 0 and this gives the result of the independence of the limiting
Green functions of the Dirichlet boundary condition in the full noncritical
interval z ∈ (0, 1).
The finite volume, conditional thermal processes (resp. thermal random
fields) will be denoted by ξ
(Λ,b∂Λ)
t (resp. µ
(Λ,b∂Λ)
0 ).
Having established properties EG(1) ÷ EG(4) of the corresponding Eu-
clidean Green functions EIG
(Λ,b∂Λ)
0 (resp
AEIG
(Λ,b∂Λ)
0 ) we can construct again
three different a priori W ∗-KMS structures: EIC
(Λ,b∂Λ)
0 ,
EAIC
(Λ,b∂Λ)
0 , and the
basic GNS system IC
(Λ,b∂Λ)
0 . It appears that all the claims of a properly mod-
ified proposition 2.5 are still valid and the proof is almost identical with the
exception of the lemma 2.6 which is replaced by the lemma 2.13.
Let Λ be a bounded, open and connected region in IRd, d ≥ 2 with a
smooth boundary. Let us define −∆bΛ(f) = −∆f for f ∈ C20(Λ), where
D(−∆bΛ) consists of those f ∈ L2(Λ) which satisfy
a) f ∈ C2(Λ) ,
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b) ∂nf(x) = b(x)f(x) for x ∈ ∂Λ ,
with ∂n being normal inward derivative. It follows that −∆bΛ for b ∈ C1(∂Λ)
is densely defined, symmetric and strongly positive. Let L̂b be the Friedrichs’
extension of −∆bΛ to a self-adjoint operator. Then at it is well known (see i.e.
[37]) the spectrum of a selfadjoint Lb is purely discrete and all eigenfunctions
of Lb are real valued. Moreover the semigroup e−tL
b
Λ is of trace class.
It is well known (see i.e. [37]) that L̂bΛ possesses real-valued eigenfunctions
{uk} associated with eigenvalues 0 > λ1 ≥ λ2 ≥ . . . . Moreover {uk}∞k=1 form
a complete set in L2(Λ).
Lemma 2.13 A linear space generated by functions eitL̂
b
f , where t ∈ IR and
f = f , f ∈ L2(Λ) is dense in L2(Λ).
Proof:
It is enough to show that for every
f =
n∑
k=1
zkuk , zk ∈ IC
there exist t0, t1, . . . , tm ∈ IR, f0 = f 0, f1 = f 1, . . . ,fm = fm from L2(Ω)
such that
f =
m∑
j=0
eitj L̂
b
fj .
We exploit the fact that eitL̂
b
=
∑∞
k=1 e
itλkPk, where Pk is the one-dimensional
projector onto uk.
Let zk = ak + i bk , ak bk ∈ IR . Let us define t0 = 0, f0 = ∑nk=1 akuk,
m = 2n, tj = −tj+n for j = 1, . . . , n and
fj =

1
2
bj
λj
uj for j = 1, . . . , n
−1
2
bj−n
λj−n
uj−n for j = n + 1, . . . , m .
Then
2n∑
j=0
eitjL̂
b
fj =
n∑
k=1
akuk +
1
2
n∑
j=1
bj
λj
(
eitj L̂
b − e−itj L̂b
)
uj
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but
eitj L̂
b − e−itj L̂b = 2i
∞∑
k=1
(sin tjλk)Pk .
So by putting tj =
π
2
1
λj
we obtain that
2n∑
j=0
eitj L̂
b
fj =
n∑
k=1
akuk + i
n∑
j=1
bjuj =
n∑
k=1
zkuk .
✷
In the sequel we shall need also the following Feynman-Kac formulae:
Proposition 2.14 Let E(p) = p2, and let 0 < z < 1.
1. For any f = f ∈ L2(Λ), b ∈ C+(∂Λ)
TrΓ−1(L2(Λ)) e
iϕΛ(f)Γ−1
(
e−β(∆
b
Λ+µ1Λ)
)
TrΓ−1(L2(Λ))
(
Γ−1
(
e−β(∆
b
Λ
+µ1Λ)
))
≡ ω(Λ,b)0 (WF (f))
≡ Eei
〈
ξ
(Λ,b)
t , f
〉
= µ
(Λ,b)
0
(
ei〈φ, δ0⊗f〉
)
(2.89)
2. For any −β/2 ≤ τ1 ≤ . . . ≤ τn ≤ β/2, f1 = f 1, . . . ,fn = fn ∈ L2(Λ)
TrΓ−1(L2(Λ))
(
α
(Λ,b)
iτ1 (
Eπ0(W
F (f1))) . . .
Eα
(Λ,b)
iτn (
Eπ0(W
F (fn)))
)
Γ−1
(
e−β(∆
b
Λ+µ1Λ)
)
TrΓ−1(L2(Λ))
(
Γ−1(e
−β(∆bΛ+µ1))
)
= IE
(
n∏
i=1
e
i
〈
ξ
(Λ,b)
τi
, fi
〉)
= µ
(Λ,b)
0
(
n∏
l=1
ei〈φ, δτi⊗fi〉
)
,
(2.90)
3. For any sequence (Λm, b∂Λm) as in lemma 2.12, any −β/2 ≤ τ1 ≤
. . . ≤ τn ≤ β/2, f1, . . . ,fn ∈ L2(IRd) real and sufficiently small z limits
lim
m→∞
IE
(
n∏
i=1
e
i
〈
ξ
(Λm, bm)
τi
, fi
〉)
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(resp. lim
m→∞
µ
(Λm, b∂Λm )
0
(
m∏
i=1
ei〈φ, δτi⊗fi〉
)
),
exist and are equal to
IE
(
m∏
l=1
ei〈ξ0τl , fl〉
)
resp
µβ0
(
m∏
l=1
ei〈φ, δτl⊗fl〉
)
.
3 Gentle perturbations of the free Bose Gas:
Thermodynamic limits on the abelian sec-
tor
We shall study the thermodynamic limits of the multiplicative-like pertur-
bations of the free thermal field µ
(β,µ)
0 given by the following perturbations:
µ
(β,µ)
Λ,ǫ (dφ) = Z
−1
Λ expWΛ(φǫ)µ
(β,µ)
0 (dφ) (3.1)
where the interactions WΛ(φǫ) will be of the following form:
(LGP) the local gentle perturbations:
WLΛ (φǫ) = λ
∫
dρ(α)
∫ β
0
dτ
∫
Λ
: eiαφǫ(τ,x) : dx (3.2)
where:
: eiαφǫ(τ,x) : = exp
α2
2
Sβǫ (0, x) exp iαφǫ(τ, x)
dρ is a complex, bounded measure with a compact support and such
that dρ(α) = dρ(−α);
φǫ(τ, x) = (φ ∗ χǫ)(τ, x), where (χǫ)ǫ > 0 is a positive mollifier i.e.
0 ≤ χǫ ∈ C∞c (IRd), with support of size smaller than ǫ and such that∫
λ
χǫ(x) dx = 1;
λ is the strength of the perturbation
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(nLGP) the nonlocal gentle perturbations
W nlΛ (φǫ) = λ
∫ β
0
dτ
∫
dρ(α) dρ(α′)∫
Λ
dx
∫
Λ
dy : eiαφǫ(τ,x) : V (x− y) : : eiαφǫ(τ,y) :
(3.3)
where λ, dρ, φǫ are as in the local case, the kernel V is chosen to be L1
integrable function.
Lemma 3.1 For both choices (LGP) and (nLGP) the thermodynamic sta-
bility bound
ZΛ =
∫
dµ
(β,µ)
0 expWΛ(φǫ) ≤ expC · |Λ| (3.4)
holds, where C is some constant depending on the details of the perturbations.
Proof:
We shall consider only the case (nLGP). By simple Gaussian calculations
we obtain:∫
dµ
(β,µ)
0 (φ)W
nl
Λ (φǫ)
n
= λn
∫ β
0
dτ |n1
∫
dρ(α)n1
∫
dρ(α′)n1
∫
Λ
dx|n1
∫
Λ
dy|n1
n∏
i=1
V (xi − yi) exp−1
2
n∑
i,j=1
i6=j
αiαjS
β
ǫ (τi − τj , xi − xj)
exp−1
2
n∑
i,j=1
i6=j
α′iα
′
jS
β
ǫ (τi − τj , yi − yj) exp−
1
2
n∑
i,j=1
αiα
′
jS
β
ǫ (τi − τj , xi − yj)
(3.5)
Using the positive definitness of Sβǫ we can estimate:∣∣∣∣∫ dµ(β,µ)0 (φ)W nlλ (φǫ)n∣∣∣∣ = |λ|nβn(Var ρ)2n exp (2nSβǫ (0)) ||V ||n1 |Λ|n (3.6)
which shows the bound (3.4) with
C = |λ| β(Var ρ)2 exp
(
2Sβǫ (0)
)
||V ||1 . (3.7)
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Moreover it follows that ZΛ are entire functions of the coupling constant
λ ∈ IC.
✷
The characteristic functionals of the perturbed measures µ
(β,µ)
Λ,ǫ can be
written in the following forms
(LGP) case
µ
(β,µ)
Λ,ǫ
(
ei〈φ,g⊗f〉
)
= exp−1
2
Sβ0 (g ⊗ f |g ⊗ f)
∑
n≥0
1
n!
∫ β
0
dτ |n1
∫
dρ(α)|n1
·
∫
Λ
dx|n1
n∏
i=1
[
e−iαi(g⊗f)∗S
β
ǫ (τi,xi) − 1
]
ρΛ,ǫ(τ, x)
n
1
(3.8)
where:
ρΛ,ǫ(τ, α, x)|n1 = λn
∫
dµ
(β,µ)
Λ (φ)
n∏
l=1
: eiαlφǫ(τl,xl) : , (3.9)
(nLGP) case
µ
(β,µ)
Λ,ǫ
(
ei〈φ,g⊗f〉
)
= exp−1
2
Sβ0 (g ⊗ f |g ⊗ f)
∑
n≥0
1
n!
∫ β
0
dτ |n1
∫
dρ(α)|n1∫
dy|n1
∫
dρ(α′i)|n1
∫
d(yi)
n
1
n∏
l=1
V (xi − yi)
n∏
i=1
[
e−iαi(g⊗f)∗S
β
ǫ (τi,xi)−βi(g⊗f)∗S
β
ǫ − 1
]
σΛ,ǫ (τ, (α, x)
n
1 , (β, y)
n
1)
(3.10)
where:
σΛ,ǫ (τ
n
1 , (α, x)
n
1 , (β, y)
n
1) = λ
nµ
(β,µ)
Λ
(
n∏
l=1
: eiαlφǫ(τl,xl) :
n∏
l=1
: eiβlφǫ(τl,yl) :
)
(3.11)
Employing the integration by parts formula we obtain the following equalities
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(LGP)
ρΛ,ǫ(τ, x)
n
1 = λ
n exp−
n∑
i=2
Sβǫ (τ1 − τi|x1 − xi)αiα1
µ
(β,µ)
Λ,ǫ
 n∏
l=2
: eiαiφǫ(τl,xl) : exp
λ
∫ β
0
dτ
∫
Λ
dx
∫
dρ(α)
[
e−αα1S
β
ǫ (τ1−τ ;x1−x) − 1
]
: eiαφǫ(τ,x) :
})
(3.12)
(nLGP)
σΛ,ǫ ((τ, α, x)
n
1 , (τ, β, y)
n
1)
= λn exp−
n∑
i=2
α1αiS
β
ǫ (τ1 − τi|x1 − xi) exp−
n∑
i=2
β1βiS
β
ǫ (σ1 − σi|y1 − yi)
µ
(β,µ)
Λ,ǫ
(
n∏
l=2
: eiαlφǫ(τl,xl) :
n∏
l=2
: eiβlφǫ(σl,yl) :
exp
λ
∫ β
0
dτ
∫
dλ(α) dλ(β)
∫
Λ
dx
∫
Λ
dy
[
e−αα1S
β
ǫ (τ1−τ,x1−x)e−ββ1S
β
ǫ (τ1−τ,y1−y) − 1
]
: eiαφǫ(τ,x) : V (x− y) : eiβφǫ(τ,y) :
})
(3.13)
in which after an convergent expansion in powers of λ we recognize the well
known [22] Kirkwood-Salsburg-like equalities that hold between the correla-
tion functions. A straightforward application of the contraction map princi-
ple [22] or the methods of the dual pairs of Banach spaces [38] leads to the
proof of the following proposition in the (LGP) case.
Proposition 3.2 (LGP)
1. For |λ| < λ0(LGP ), where
λ0(LGP ) = exp
(
−α2∗Sǫ(0, 0)− 1
)
C l−1ǫ , (3.14)
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where
C lǫ ≡ sup
α′
∫ β
0
dτ
∫
d|λ|(α)
∫
dx|eαα′Sǫ(τ,x) − 1| ,
α2∗ = sup{α2 ∈ supp dλ} ,
the unique thermodynamic limits
lim
Λ↑IRd
ρΛ,ǫ(τ, α, x)
n
1 ≡ ρǫ(τ, α, x)n1
exist in the sense of locally uniform convergence. The limiting cor-
relation functions ρǫ(τ, α, x)
n
1 are continuous, translationally invariant
and have cluster decomposition property. Moreover, they are analitic
functions in λ for |λ| < λ0(LGP ),
2. Let
λ ∈ {z|z−1 6∈ σξ(K)} ∩ {|z| < ξ}
where K is the corresponding infinite-volume KS-operator,
σξ(K) is the spectrum of K in the corresponding Banach space Bξ (com-
pare with [38, 39]).
Then for any such λ the unique thermodynamic limits
ρǫ(τ, α, x)
n
1 = lim
Λ↑RD
ρΛ,ǫ(τ, α, x)
n
1
exist in the sense of locally uniform convergence and are analitic func-
tions in λ.
As a simple corollary we obtain:
Proposition 3.3 (LGP)
1. For λ ∈ IC as described in point 1. or 2. of Prop. 3.2 the weak limit dµλǫ
of the measure dµβΛ,ǫ exists and the limiting measure dµ
λ
ǫ is periodic in
β, symmetric on Kβ, OS-positive on Kβ. Moreover, dµ
λ
ǫ is (weakly)
analitic in λ perturbation of the free measure dµβ0 .
2. For |λ| < λ0(LGP ) the limiting measure dµλǫ is translationally invari-
ant with respect to the translations of IRd and is ergodic under the action
of this group.
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3. For λ as in 1. the characteristic functional of dµλǫ is given by the
following formula
µλǫ
(
ei(φ,g⊗f)
)
= exp−1
2
Sβ0 (g ⊗ f |g ⊗ f)∑
n≥0
1
n!
∫
dρ(α) dτ dx|n1
n∏
l=1
[
e−αlS
β
ǫ ∗(g⊗f)(τl ,xl) − 1
]
ρǫ(τ, α, x)
n
1
(3.15)
A minor modification of the original analysis of the Kirkwood-Salsburg
identities enables us to control also thermodynamic limits for nonlocal gentle
perturbation (3.3) also.
Proposition 3.4 (nLGP) Let W = (nGLP ).
1. For λ ∈ IC : |λ| < λ0(nLGP ) where
λ0(nLGP ) ≡ exp
(
−2α2∗Sǫ(0, 0)− 1
) (
Cnlǫ
)−1
,
Cnlǫ ≡ sup
γ,γ′
∫ β
0
dτ
∫
d|λ(α)
∫
d|λ|(α′)∫
dx
∫
dyV (x− y)
∣∣∣e−αγSǫ(τ,x)e−α′γ′Sǫ(τ,y) − 1∣∣∣ ,
α∗ = sup{α ∈ supp dλ}
lim dµβ,µΛ,ǫ = dµ
λ
ǫ exists and the limiting measure dµ
λ
ǫ is: periodic in
β, symmetric on Kβ, OS-positive on Kβ. Moreover, dµ
λ
ǫ is (weakly)
analitic in λ perturbation of the free measure. The measure dµλǫ is E(d)
invariant and ergodic under the translations by IRd. The characteristic
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functional of dµλǫ is given by the following formula
µλǫ
(
ei(φ, g⊗f)
)
= exp−1
2
Cβ0 (g ⊗ f |g ⊗ f)∑
n≥0
1
n!
∫
d(τ, x, α)n1 d(τ
′, x′, α′)n1
n∏
i=1
V (x′i − xi)
n∏
i=1
(
exp
(
−αiSβǫ ∗ (g ⊗ f)(τi, xi)
)
exp
(
−α′iSβǫ ∗ (g ⊗ f)(τ ′i , x′i)
)
− 1
)
σλǫ ((τ, x, α)
n
1 ; (τ
′, x′, α′)n1 )
(3.16)
where:
σλǫ ((τ, x, α)
n
1 ; (τ
′, x′, α′)n1 ) ≡ lim
Λ↑IRd
µλΛ,ǫ
(∏
: eiαiφǫ(τi,xi) :
n∏
i=1
: eiα
′
iφǫ(τ
′
i ,x
′
i) :
)
= µλǫ
(
n∏
i=1
: eiαiφǫ(τi,xi) :
n∏
i=1
: eiα
′
iφǫ(τ
′
i ,x
′
i) :
)
.
(3.17)
In particular we have obtained the following functional integral repre-
sentation of the corresponding multi-time Euclidean Green functions corre-
sponding to the infinite-volume limit perturbations of the free Bose gas in
the noncritical regime.
Theorem 3.5 Let: VΛ = (LGP ) or VΛ = (nLGP ) and λ ∈ IC be restricted
as in 1. of Prop. 3.4 or 2. of Prop. 3.2 in (LGP) case. Then the Euclidean
multitime Green functions on A(h) are given by the following functional in-
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tegrals
EGλf1, ...,fn(s1, . . . , sn) ≡ limΛ↑∞
EGλ,Λf1, ...,fn(s1, . . . , sn) =
∫
D′(Kβ×IRd)
dµλǫ (φ)
n∏
i=1
ei〈φ; δsi⊗fi〉
(LGP )
= EG0f1, ...,fn(s1, . . . , sn)
∞∑
n≥0
1
n!
∫
d(τ, x, α)n1
n∏
i=1
{
exp−αiSβǫ ∗ (
n∑
l=1
δsl ⊗ fi)(xi)− 1
}
ρǫ((τ, x, α)
n
1)
(nLGP )
= EG0f1, ...,fn(s1, . . . , σn)
∞∑
n≥0
∫
d(τ, x, α)n1 d(τ
′, x′, α)n1
n∏
i=1
V (xi − x′i)
exp−Sβǫ ∗ (
n∑
l=1
δsl ⊗ fi)(x)− α′Sβǫ ∗ (
n∑
l=1
δsl ⊗ fi)(x′)
µλΛ,ǫ
(
n∏
l=1
: exp iαlφǫ(τl, xl) : · : exp iα′lφǫ(τ ′l , x′l) :
)
(3.18)
Some elementary albeit fundamental for the purposes of the present paper
properties of the system are collected in the following proposition:
Proposition 3.6 Let { EGλf1, ...,fn(s1, . . . , σn)} be a collection of the Euclidean-
multitime infinite volume Green functions constructed in Theorem 3.5. Then
they can be extended by continuity to the Abelian sector A(h) of the Weyl
algebra W(h) and the continued Green functions denoted by the same symbol
obey properties EG(1)÷EG(5)i.
Corrollary 3.7 Let |λ| < λ0(LGP ) (for the case (LPG)) and |λ| < λ0(nLGP )
(for the case (nLGP)). Then the following perturbation expansions are con-
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vergent:
EGλf1, ...,fn(s1, . . . , sn)}
(LGP )
=
∑
n≥0
λn
n!
∫
· · ·
∫
Kβ×IRd×IR
dτ dx dρ(α)|n1
·
〈
n∏
l=1
e〈φ,δsl⊗fi〉; : eiα1φǫ(τ1,x1) : ; · ; ·
〉β,T
0
(3.19)
where 〈 · ; · ; · ; · 〉β,T0 denote the truncated expectation values with respect to
the free Gas measure dµβ0 .
For a class of gentle perturbations of the free Bose gas stochastic structure
another variety of the existence results can be established using the methods
of [5, 40]. For this let us assume now that our perturbations are of the
following forms
(LGP)e WΛ(φǫ) = (3.2)
but now dρ is an even bounded real measure, λ ≥ 0 or
(nLGP)e WΛ(φǫ) = (3.3)
where dρ is also an even bounded real measure and V ∈ L1(IRd) is assumed
to be pointwise nonnegative i.e. V (x) ≥ 0 and λ ≥ 0.
Proposition 3.8 Let dµλΛ,ǫ be a locally perturbed free Bose Gas measure by
(LGP)e or (nLGP)e and let λ > 0. Then the following correlation inequalities
of the Fro¨hlich-Park type are valid.
1. ZΛ1∪Λ2 ≥ ZΛ1 · ZΛ2 , (3.20)
2.
〈
φ2(g ⊗ f); : cosαφǫ : (τ, x)
〉λ,T
Λ,ǫ
≤ 0 , (3.21)
3.
〈
etφ(g⊗f);
n∏
i=1
: cosαiφǫ : (τi, xi)
〉λ,T
Λ,ǫ
≤ 0 , (3.22)
4.
〈
eiφ(g⊗f);
n∏
i=1
: cosαiφǫ : (τi, xi)
〉λ,T
Λ,ǫ
≥ 0 , (3.23)
5.
〈∏
i
cosαiφǫ(si, xi)
∏
j
cos βjφǫ(tj, yj)
〉λ,T
Λ,ǫ
≥ 0 . (3.24)
40
Proof:
Basically the same as in [5] employing duplicate variable trick and the
elementary trigonometric identities.
✷
Theorem 3.9 Let us consider perturbation (LGP )e or (nLGP )e of the free
Bose Gas thermal field dµβ0 .
1. For any λ ≥ 0 the unique thermodynamic limit
lim
Λ↑IRd
µλΛ,ǫ
(
n∏
i=1
ei〈φ, δsi⊗fi〉
)
≡ µλǫ
(
n∏
l=1
ei〈φ,δsi⊗fi〉
)
≡ EGλf1...fn(s1, . . . , sn) for − β/2 ≤ s1 ≤ . . . ≤ sn ≤ β/2
(3.25)
exists and the limiting Green functions obey all the properties EG(1)÷EG(5)(i).
2. In particular the following estimates hold:
(a) ∣∣∣∣∣∣S2λ(f ⊗ g|f ⊗ g) ≡ d
2
i2dα1 dα2
EGλα1g,α2g(f, f)
∣∣∣α1=0α2=0
∣∣∣∣∣∣
≤ Sβ0 (f ⊗ g|f ⊗ g)
(3.26)
(b) ∣∣∣∣∣µλǫ
(
expS
∫ β
0
dτ f(τ)
∫
dx g(x)φ(τ, x)
)∣∣∣∣∣
≤ expRe S
2
2
Sβ0 (f ⊗ g|f ⊗ g)
(3.27)
(c) ∣∣∣∣∣Sn,βλ (f1 ⊗ g2, . . . , fn ⊗ gn) ≡ µλǫ
(
n∏
i=1
〈φ, fi ⊗ gi〉
)∣∣∣∣∣
≤ σ(n!) 12
n∏
i=1
∣∣∣Sβ0 (fi ⊗ gi|fi ⊗ gi)∣∣∣
(3.28)
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Proof:
From the correlation inequality (3.23) it follows that µλΛ
(
eiφ(f⊗g)
)
monotonously
increase in the volume and that for real t µλΛ
(
etφ(f⊗g)
)
decrease as Λ ↑
IRd. This leads to the statement that the unique limit limΛ µΛ
(
eζ(φ,f⊗g)
)
≡ µλ∞
(
eζ(φ,f⊗g)
)
exists and obeys the estimate (3.27). Then the estimates
(3.28) follow by the application of the Cauchy integral formula and the analic-
ity in ζ of µλ∞
(
eζ(φ,f⊗g)
)
. Although the estimate (3.26) follows from (3.28) its
independent proof follows easily from the correlation inequality (3.21) which
says that µλΛ(φ, f ⊗ g)2 is monotonously decreasing in the volume.
Integrating by parts on the functional space D′(Kβ × IRd) with respect
to the measure dµλΛ(φ) the following formulae are obtained:
EGλΛ, f1, ...,fn(s1, . . . , sn) =GLPe
EG0f1, ...,fn(s1, . . . , sn)
∞∑
k≥0
λk
k!
∫
Λ×Kβ×IR
dτ dx dλ(α)|k1
k∏
i=1
[
e
−
∑n
j=1
αjS
β
ǫ ∗(δsj⊗fj) − 1
]
µλΛ
 n∏
j=1
: eiαjφǫ(τj ,xj) :

(3.29)
From the correlation inequality (3.24) if follows that
µλΛ
(
:
n∏
i=1
cosαiφǫ(τi, xi) :
)
≡ CλΛ(α1, τi, xi|n1) (3.30)
monotonously increase in the volume Λ and because they are uniformly
bounded ∣∣∣CλΛ(τi, xi|n1 )∣∣∣ ≤ exp 12β2nCβǫ (0) , (3.31)
the unique thermodynamic limits limΛC
λ
Λ ≡ Cλ exist pointwise on (Kβ ×
IRd)⊗n. From this, the existence of pointwise limits
lim
Λ
µλΛ
 n∏
j=1
: eiαjφǫ(τ1,xj) :
 = µλǫ
 n∏
j=1
: eiαjφe(τj ,xj) :
 (3.32)
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follows in the same way as demonstrated in [40] by the application of another
correlation inequitity (originally due to Pfister [41]) not listed in proposition
3.8 but formulated in [40] in a similar context. Finally the proven pointwise
convergence is sharpened to the local uniform one by a standard application
of the Mayer-Montrolle identities, see i.e. [38]. From the obtained con-
vergence the following expression for the infinite-volume Euclidean Green
functions EGλf1, ...,fn(s1, . . . , sn) follows easily from (3.29):
EGλf1, ...,fn(s1, . . . , sn) =
EG0f1, ...,fn(s1, . . . , sn)∑
k≥0
1
k!
∫
IRβ×IRd×IR
dτ dx dλ(α)|k1
k∏
i=1
[
e−
∑n
j=1
αiS
β
ǫ ∗(δsj⊗fj) − 1
]
µλ∞
(
n∏
i=1
: eiαiφǫ(τi,xi) :
)
(3.33)
The case of nLGPe is analised in a similar way.
✷
Remarks
The existence and uniqueness of the thermodynamic limits for the Euclidean
Green functions EGλf1, ...,fn(s1, . . . , sn) follows easily from the correlation in-
equality (3.23) and the uniform bound:∣∣∣ EGλf1, ...,fn(s1, . . . , sn)∣∣∣ ≤ 1 . (3.34)
Using the methods based on the analysis of the corresponding Kirkwood-
Salsburg identities one can study the gentle perturbations of the local, free,
conditioned thermal fields described in the section 2.2.
For this goal let us consider a perturbation of the free, conditioned (by
b∂Λ ∈ C(∂Λ)), thermal field µ(Λ, b∂Λ)0 of the form:
µ˜
(λ, b∂Λ)
Λ,ǫ (dΦ) = Z˜
−1
Λ,ǫ(b∂Λ) expWΛ(Φǫ) dµ
(Λ, b∂Λ)
0 (Φ) (3.35)
where:
Z˜Λ,ǫ(b∂Λ) = µ
(Λ, b∂Λ)
0 (expWΛ) (3.36)
and WΛ(Φǫ) is given by (3.2) or (3.3).
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Theorem 3.10 Let (Λα) be any arbitrary net of bounded subsets of IR
d with
the boundaries of class at least C3-piecewise. Additionally we shall require
that the mean curvature of ∂Λα is uniformly bounded in α. Let (b
α
∂Λα) be a
sequence of continuous boundary conditions.
Then for |λ| < λ0(LGP ), if WΛ = LGP (respectively |λ| < λ0(nLGP ), if
WΛ = nLGP ) the unique thermodynamic limits
lim
α
µ˜
(λ, b∂Λα )
Λ,ǫ ≡ µ˜λǫ
exists in the sense of weak convergence and moreover µ˜λǫ = µ
λ
ǫ .
Proof:
The method of the dual pair of Banach spaces as explained in [38] and
applied in the similar situation in [39, 40] is applied.
✷
Remark
The method of [38, 39, 40] gives the existence and independence on the
classical boundary conditions of the limiting thermal field µ˜λǫ in a larger set
of λ (see also point 2 in Prop 3.3 above).
As a corollary we have the following result:
Corrollary 3.11 Let (Λα)α, (b∂Λα)α be as in Theorem 3.10 and let
AIGλ(Λα,
b∂Λα) be the system of the Euclidean Green functions corresponding to the
gentle perturbations of the local, conditioned, free W ∗-KMS structure re-
stricted to the Abelian sector A(hΛ) of W(hΛ). Then for λ as in Theorem
3.10 and 0 < z < 1 sufficiently small the unique thermodynamic limits of the
corresponding Euclidean Green functions exist and are equal to those obtained
in Theorem 3.5 and Theorem 3.9.
All the constructed in this section systems of limiting Euclidean Green
functions obey properties EG(1) ÷ EG(5)(i) and corresponds to some gen-
eralized thermal processes.
Therefore the general reconstruction procedures of [20] applies, (see Prop2.9),
leading to certain W ∗-KMS structures Further analysis of the derived W ∗-
KMS structures is contained in the forthcoming papers.
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4 Concluding Remarks
4.1
For the finite volume perturbations of the free thermal field µ
(β,µ)
0 the cor-
responding nonhomogeneous process (ξ
(λ,Λ)
t )tǫKβ has two-sided Markov prop-
erty on Kβ in the sense of Prop 2.11. The interesting and important question
is whether the homogenous limits Λ ↑ IRd preserve the above Markov prop-
erty. For a gentle perturbations of a class of lattice anharmonic crystals some
results on the preservation of the two-sided Markov property in the thermo-
dynamic limit have been established in [42]. A constructive route for the
verification of the two-sided Markov property will be formulated below.
4.2
The notion of DLR equations for the gentle perturbations of the abelian
sector of the free Bose Gas in the Euclidean region can be introduced. For
this goal, let us denote by Π(ΛC) the orthogonal projector (in the space
Hβ0 ≡ m.c.
(
C(Kβ)×D(IRd);Sβ0
)
) onto the subspaceHβ0 (ΛC) ≡ m.c. (C(Kβ)
× C∞C (ΛC); Sβ0
)
, for Λ ⊂ IRd open and bounded.
The free thermal kernel Sβ0 is then decomposed as:
Sβ0 =
ΛCSβ0 +
ΛCΠβ0 (4.1)
where:
ΛCSβ0 ≡ Sβ0 ◦
(
1−Π(ΛC)
)
; Λ
C
Πβ0 = S
β
0 ◦ Π(ΛC) (4.2)
Let µΛ
C
0 be a Gaussian random field with the covariance given by
ΛCSβ0 . It is
clear that the symmetricity and OS positivity on Kβ of the free conditioned
Gaussian random field µΛ
C
0 is preserved and moreover µ
ΛC
0 −→ µβ0 weakly as
Λ ↑ IRd.
Let Σ0(ΛC) be the (µ0-complete) σ-algebra generated by the random
elements of the form 〈Φ, f〉, where f ∈ Hβ0 (ΛC). Then the conditional
expectation values of the measure µβ0 with respect to the σ-algebras Σ
0(ΛC)
are given by:
Eµ0{F |Σ0(ΛC)}(Ψ) = µΛ
C
0 (F ( · +Π∗ΛC (Ψ)) (4.3)
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for: µ0 — a.e. Ψ ∈ D′(Kβ × IRd), where
〈Π∗ΛC (Ψ), f > ≡ < Ψ, ΠΛC (f)〉 . (4.4)
The corresponding conditional expectation values of the perturbed measure
are:
EµΛ,ǫ{F |Σ0ΛC )}(Ψ)
=
µΛ
C
0 (F (·+ Π∗ΛC(Ψ)) expWΛ(·+Π∗ΛC (Ψ))
µΛ
C
0
(
expWΛ(·+Π∗ΛC (Ψ)
) (4.5)
for µ0 — a.e. Ψ ∈ D′(Kβ × IRd).
In analogy to [27] (see also [43, 44]) we define a classical thermal Gibbs
measure corresponding to the gentle perturbation of the free Bose Gas as
any probabilistic, cylindric Borel measure µ on D′(Kβ × IRd) such that
µ ◦ EµΛ,ǫ
{
Σ(ΛC)
}
= µ (DLR).
for any open bounded Λ ⊂ IRd.
It is evident that any solution of (DLR) defines a thermal random field
in the sense of Def 2.8. Some results about the uniqueness of the solutions of
(DLR) generalizing slightly Thm 3.10 shall be reported elsewhere (see also
[39, 40]).
The introduced concept of the classical thermal Gibbs measure will be
of particular interest in the case of polynomial perturbations where several
solutions of the corresponding (DLR) equations may exist [18].
Using (DLR) equation the constructive approach to the problem of preser-
vation of the two-sided Markov property on the circle Kβ for the limiting
thermal random field µλǫ can be formulated. The idea is to show that for µ
λ
ǫ
— a.every Ψ ∈ D′(IRd) the limits:
lim
Λ↑IRd
EµλΛ,ǫ{F |Σ
0([t, s]C × ΛC)}(Ψ)
(where Σ
(
[t, s]C × ΛC
)
is the σ-algebras generated by the random elements
〈Φ, g ⊗ f〉, with g supported on the segment [t, s]C and f supported in ΛC)
exist and are equal (µλǫ a.e.) to the conditional expectation values:
Eµλǫ
{
F |Σ
(
[t, s]C
)}
(ψ)
Details of the proof, that indeed, for small values of |λ| this is true, will
be reported elsewhere [18].
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4.3
For a bounded Λ ⊂ IRd the theory of bounded perturbations of the KMS
structures (see i.e. [17], Ch. 4 and references therein) can be applied in the
thermal representation enabling us to study the gentle perturbations on the
whole Weyl algebra. It is proven in [18] that again the nonhomogeneous
thermal process (ξλ,Λt )tǫKβ determines the corresponding W
∗-KMS structure
obtained from the corresponding GNS representation. The important prob-
lems of constructing the perturbed (euclidean-time) Green functions on the
whole Weyl algebra W(h) and the questions whether the corresponding ho-
mogenous process (ξλt )tǫKβ determines them and also whether the limiting
W ∗-KMS structure on W(h) forms a modular structure will be a topic of an
another paper in this series.
4.4
The Abelian sector of the free Bose critical gas can be described in the
Euclidean region by certain nonergodic Gaussian generalized thermal process.
Results complementary to those contained in the section 2 for the critical
gas are obtained in [18], where also, thermodynamic limits of the gentle
perturbations on the Abelian sector have been controlled by applications
of the Fro¨hlich-Park correlation inequalities. The most interesting result of
these investigations is that nonergodicity of the limiting, perturbed thermal
process is preserved. Whether this is connected to the preservation of the
Bose-Einstein condensate in the interacting system remains to be answered.
4.5
More general, unbounded perturbations (i.e. of polynomial type) will be
described in an another paper of the planned series [18]. Standard tools
of constructive Euclidean Quantum field theory like the high (and the low)
temperature cluster expansions are used to study the corresponding pertur-
bations of the free thermal structure on the Abelian sector.
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